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BENDING OF WEDGELIKE PLATES WITH ELASTICALLY-FASTENED
OR REINFORCED EDGES *

V. V. REUT and L. Ia. TIKHONENKO

An exact solution is obtained for a number of problems associated with the investi-
gation of the bending of wedgelike plates with either elastically supported or clamp-
ed edges or reinforced by an elastic bar. The following problems are examined: 1)
both edges of the plate resist deflections elastically but do not resist rotations;
2) one edge of the plate is rigidly clamped, while the second is elastically resist-
ive to deflection but not resistive to rotation; 3) both edges of a supportedplate
resist rotation elastically; 4) one edge of the plate is free, while the other is
supported and resists rotation elastically; 5) two wedgelike plates with different
apex angles and different elastic properties are interconnected by means of an
elastic bar operating only in bending. The exact solutions of the problems listed
are used to investigate the nature of the singularities in the forces at the angular
point of the plate and at infinity.

A method of solving problems on the contact between a semi-infinite beam and an elastic
wedge 1s proposed in /1,2/, which is based on using the Carleman boundary value problem for
a strip. The method of /1,2/ is applied to problems 1) — 5) below., Each of the listed prob-
lems can be made complicated by assigning inhomogeneous boundary conditions. In this case,
the auxiliary problem with classical boundary conditions reduces to a problem on the solution
of a homogeneous equation with inhomogeneous nonclassical boundary conditions. Such a trans-
formation is equivalent to replacing the external load by a load acting only on elastically
framed edges, and is considered in detail in the example of problem 1l). Problems 1l)— 5) are
examined in Sects. 1—5, respectively.

l. Problem 1) is formulated as follows

Aw (r,8) — q(r, 0D, —a {8, 0r<w (1.1)
0 = ioc, Af[g -my, W— fi =k (U:t ? VB)

S {v+ A+ op (N FE M wr, o) 4w, —a)in(e) + (1.2)
0
§ a0, Om@rdd}dr=0, i=01,2
Go=0y==—0y=1, m(@)=1, ni(B)=rcosd, M (0)=-sin0
a 92 g2
Mo=—D(;5 i 55 + ¥ 5 ) (1.3)

i‘[—_D[ = FV(”)’_4 rza;k)‘)]

Ve=—D[—A4-(1_v)§;(7‘Z—O)} w
P AN )

Here w (r,0), v, D are, respectively, the deflection, Poisson's ratio, and stiffness of the
plate, k is the stiffness coefficient of the elastic restraint My, M,, Vy, V, are bending
moments and generalised transverse forces, ¢ (r,0) is a given load acting on the plate, my (1),
vy {r) and f4 (r) are respectively, the moments, forces, and initial deflections given on the
edges 6 = Za.

The equilibrium conditions (1.2) assure uniqueness of the solution of the problem posed,
which is sought in the form

w(r,0) =w, (r,0) + w, (r,8) + w, (r, 9)

We have the following equations, boundary conditions, and equilibrium conditions for w;
Awy (r, 8) = g (r, 0)/D, Aw; (r,0) =0 (1.4)
0=+4a, MP=my(r), MP=0
wo= [y + kvy, wi=TFTkVE —=V,)
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§[V+(r) — -%- w (r, u)] dr=0

2y (a)§ [V* -»—:—-wi(r, a)]rdr:(), i=1,2

i=1, V*=V*; i=2 V,=V_
Vil ="hV@, o) FVP(, — o)

The functions Mp® and Vy® are determined in terms of w; by means of (1.3).
To find the function w, it is sufficient to apply the Mellin transform (see /3/, for

instance)
o

w(p, 6) = S w(r, Q)re2tdr, wir, 8= %Sﬂ)(p, 0)ri-pdp (1.5)
0 Q
The scheme in /1,2/ should be used in addition to the transform (1.5) in determining the func-
tions w; (i=1, 2).
Let us consider the problem for the function 1w, (r,8), whose solution we seek in  the

class of functions possessing an asymptotic w, = o (1) for r—0 , and w, =o0(®),e >0 for

7> 00, Taking account of the evenness of this problem and the first of the boundary condi-
tions for w; , we obtain

ot =5 [0+ 0 =i — (1.6)
Q@

8ni cos{p— 1u

o= ] v
Here # =3+ v)1 —v)1 Q=Q, Q, is the line Rep=1c¢+ 3n in the plane of the complex
variable p, where the constant ¢ is determined by the class of desired functions, and
should be selected from the band 1< ¢ <1+ ¢, in this case,

Assuming @ (p) is analytic in the strip II, (II, = {¢ + 3n < Re p < ¢ + 3 + 3n}), continuocus
in a closed strip Il ,and uniformly relative c¢<Co<{c+ 3

{10 @+ inpar<const

and requiring that the function (1.6) satisfy the second boundary condition for w; from (1.4},
we arrive at the Carleman boundary value problem for a strip

@ (ps + 3) — Apy (po* — DK (po)® (po) = G (Do), Rep, =¢ (1.7}

kDl —~) K __sinZpa — pxlsinZa
A(3+wv) T olp)y= cos Zpu + cos 2a

b=

Gx(p)={Ve(yrorar
o

The operations performed in obtaining the problem (1.7) are legitimate for V_ (Fyrerta ez Ly
0, ) and G, (p) = Ha (Hg is the class of functions satisfying the H&lder condition on the
line ).

By using the function

¥ (p) = @ (p)AA T (p — 1) sin ap/2]™ (1.8)
we write the boundary condition (1.7) in the form
¥ (po + 3) + K (po)¥ (po) = G (po), Repy=c¢ (1.9

K (p) = —Kq (p) tg np/2
G (p) = —G, (p) [A\V*PRT (p + 2) cos np/2]™
The desired function ¥ (p) has two simple poles p, =2 and p, = 4& in the strip II, .The
coefficient K (p) has no zeroes, possesses the asymptotic K (p) =1+ o (e™2*IPl), |p]— oo,

p = min {a, n/2} , satisfies the H8lder condition and, moreover, [arg K (p)] = 0. Then according
to /1,2/, the solution of the problem (1.9) is given by the formulas

G (s)ds Gy

-
¥ =X0) 5\ xersamae—az+ wEo—om T (1.10)
Q
¢,
sin au (p — 4)/3

) In K {s)ds
X@)=e {3 § e s =1
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Here C,; and (, are arbitrary constants.

For any integer n the function ¥ (p) is analytic in each strip Il, with the exception
of the points p; == 3n + 2 and p, == 3n + 4, where simple poles are, and it has a jump on each
line Q, where the limit values to the left of this line (¥_(p)) and to the right (¥, (p) =
¥ (py)) are connected by the relationship

Y_(p) = K (p— 3m)¥, (p) — (=1)"G (p “6(3"?1 P&y (1.11)
. 1 G (p) 1 s} ds _
T, (p=X,(p) {T X3 + S X(s~{—3)si11(p—s)n[3-1

Q

G + Ca ]
sin 7t (p — 2)/3 sinn (p — 4)/3

q L1 In K (s) ds
Xxm:=wp{~74HKWWr7rSaam;mﬁrmiﬁ}
Q

We determine the arbitrary constants C; and (, by satisfying the equilibrium conditions (1.4)
for w,, which result, when (1.6), (1.8) and (1.10) are taken into account, in the following
equations for these constants:

2G, (—1) 4 3P X (2)C, = 05 2cos alG, (0) -+ AT (3)] =0 (1.12)

The exact solution of the problem (1.4) constructed for W, permits determination of the
asymptotic of the elastic quantities in the plate. By using the scheme of /1,2/, and (1.3),
(1.6), (1.8) and (1.10), we find that the asymptotic

w=0(Y, M, =My=0017), V,=Vy=0(0"2) (1.13)
. v=- 1w
is valid as r— oo,

Let us investigate the behavior of these quantities at the point of the wedge whose asy-
mptotic as r—»{0 is determined by the poles of the integrands of the Mellin integrals obtain-
ed in the half-plane Rep<{c¢. Since the expression (1.10) defines the function ¥ (p) which
is analytic in the strip II,, we apply (1l.1l) to the solution constrcuted, i.e., we consider
¥ (p) in the strip Il.;, For example, the integral for the quantity M, transformed in this
manner has the form

D1 — w) Cos 2pt + €0S 20
J\]r:—m—SF(p)Al(p,Q)mdp (1.14)
Q
34wy cos(p—1)0 1-+3vycos(p +1)0
Al(p’e)z(lH_ 1*v)cos(p~1)a ﬁ( B )CDS(P+1)u

F (p) = [PPT (p ++ 2) ¥_ (p) cos np/2 — kATIG, (p)] (p + 1)1

Investigating the location of the poles of the integrand in (1.14), applying the theorem of
residues, and (1.12), we obtain

r—0, M,=0 (r'» (1.15)
Here u is the real part of the root of the equation % sin2pa — psin2a -=U, Rep >0 which is
closest to the line Rep = (0. Only such roots are examined in all the transcendental equat-

ions to be encountered below. The position of these roots as a function of the angle o is
described in /3/.
The asymptotic of the deflections and the transverse forces is found analogously:

r>0, w=0(), Me=0 ("), Vo=V, =0 (r2+) (1.16)

The expressions (1.ll) permit determination of the next terms in the expansions of the asympt-
otics (1.13), (1.15) and (1.16). It follows from (1.16) that as r—{ the transverse force
is bounded only for o < o* (a* = !/arccos x7!). Together with the asymptotics (1.13) and (1.15),
this latter permits making the conclusion that the solution of the problem (1.4) for w, can
be constructed according to the scheme mentioned ornly for o <{a* since only in this case is
the equilibrium condition for an angular element of the plate satisfied, and also the exist-
ence of the integrals (1.5) is assured.
Let us turn to the problem (1.4) for the function w, whose solution we seek in the class

of functions possessing the asymptotics wy=0(%) as r—0; §>>0 and w,=o0("%,e>—38 as

r—oo . In conformity with this, @ is the line Rep ==c (1 —8<{c<C1 4 &) in the Mellin
integrals (1.5). Analogously to the solution of the problem for w,, we arrive at the Carle-
man problem (1.7) with right side G_(p) and a coefficient having the form

Ky (p) = (sin 2pa + px7! sin 2a)(cos 2pa — cos 2a)™* (1.17)
Partial factorization of the problem (1.7), (1.17) is realized by the function
¥ (p) — @ (p) [A"PI' (p — 1) cos nip/2]71
which has the single pole p =3 in the strip JI,. Therefore, this function is detexmined by
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the expression
rog G (s)ds c
¥ (p)=X(p) I_TS X (s 3)sinn(p—s)/3 + sin 7tp/3 :' (1.18)
8@

The function X (p) is defined in (1.10). The constant C is determined from the equilibrium
condition (1.4) for w, and is evaluated by the formula
= — 2kG(0) [3AX(3)]™*
Finally, the solution of the problem (1.4) for w, is expressed in terms of the function
(1.18) as follows
1= { A (p, O WL (p — 1) ¥ (p) cos ap/2-vdp (1.19)

A, (p, 0) = (p+ %) [sin (p — 1) &/sin (p — 1) « — sin (p + 1) O/sin (p + 1) ul

wy (r, 0) =

The solution (1.19) results in asymptotic behavior of elastic quantities of the form

re>00, Wa=0{r"), M,=Mg=0 @1V, V,=Vg= 02 (1.20)
r—0, w,=0 ), M.,=My=0 (), Ve=Ve=0 ()
y=—14+ /2

Here p is the real part of the root of the equation x sin2pa + psin 2a = 0. As follows from
(1.19) and (1.20), in contrast to the problem for w; the solution of problem (1.4) for w,
can be obtained by the scheme described for apex angles a =< m/4 4 a*  This same scheme is
applicable for the solution of problem 1) in the case when lumped forces and moments are
applied to the wedge apex.

2, Problem 2) is formulated thus in the simplest case
ANw(r,0) =0
0=a,w=0r"90/8=00=0 Myg=0, w—k Vo = v(r)
The solution of problem (2.1) is sought in the class of functions possessing the asymptotic
w=o0(%86>—1 as r—0, and w=o0("),e>—8 as r-—>o0 , in the form of the Mellin
integral

(2.1)

A

w0 =5

S[A,cos(p— 1)8 4 Ag cos (p 4 1)6-4- Bysin (p — 1)8+ Bysin (p + 1)6] r-pdp (2.2)

Q

Here A4;, B;(j =1,2) are determined from the boundary conditions by the following relationships

Ay = =4, (p+n) p—n)7" By =bb7t 4, j=1,2
Ay, =4 (1 — v)"WiT (p) ¥, (p) sin nmp/2

o 1 G (s) ds e
¥ (p)= X(p) [—ESX(s 3y singip —s)3  sin(p— 29t/2 ]
by =—p—14(p — 1)y p + %) (cos 2 pa + p cos 2a)

b, = — cos2ap + pcos2a — p — %, b = sin2ap — p sin 2c

The function X (p) is defined in (1.10), where the functions K (p) and & (p) are determined by
(1.9) in which we should set

K, (p) = — b7 [cos 2ap — 2x71p? sin’a + (x® + 1) (2»)71]
G, (p)=§vryrerdp
0
The arbitrary constant ( is determined by the condition for correctness of the operations
¥ (1) = 0 performed during solution of the problem.
The exact solution constructed results in the asymptotic formulas (1.20) in which y and

p are the real parts of roots of the appropriate equations (sin2pa — psin2a) (p — 1)7! =
and « sin® pa + p%infe — (1 + %)¥4 = 0. It is seen from the asymptotic found that the solution
of the problem (2.1) can be sought in the form of the Mellin integral (2.2) for any o«. Let
us note that despite the unboundedness of the bending moment and the generalized transverse
force at the plate apex (for those o for which p<<2), the equilibrium conditions are
satisfied for each element containing an angular point, i.e., the forces originating in the
plate are self-equilibrated. In addition to the problem (2.1), a plate bending can be form-
ulated where one edge is elastically supported (M, =0, w — /iVy =10 (7)), while one of the
classic conditions r19w/f0 = Ve =0; Mg=w = 0; Mg = V4 = (0 is given on the other. However,
there is no need to consider the first two problems, specially since they can be treated as
the problem (1.4) for w; and w,, respectively, for half a plate.

3, In the simplest case the axisymmetric component of the problem is equivalent to the
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construction of a biharmonic function satisfying the boundary conditions
0= 4o, w:- 0, ]‘_[“4‘“}'7.—1 owldB == m, (r) (3.1)
in the domain 0 < r< oo, —a:{ 0 a2 . Here k is the stiffness coefficient of the elastic sup-
port, and my (r) is the moment loading applied to the boundary.
The solution of the problem in the class of functions possessing the asymptotic

r—>0, w=o0(@¢%, 6 >0and r—>o, w=0(7), e¢_>—28
has the form
w (r,6)=—z%ITSLL (p, )T (p) A" K* (p) . (p) r*-Psin ztp/2dp (3.2)
Q

L, (p,) ) = cos (p — 1)8/cos (p — 1) o —
cos (p + 1) B/cos(p -+ 1) a
K+ (p) = {cos 2pa. = cos 2a) (sin 2pe 3= p sin 2a)7L, b = 4Dkt

Here the function, analytic in the strip ¢« Rep:«c+ 1 , is a solution of the following
Carleman problem:
Yip+1)+K(p)¥(p)=0C(p), K(p) = K*(p) tg ap/2 (3.3)

o

G (p)= G, (p)IM¥T (p - D cosnp/2]™, Gy (p)= S My (r) TP Ndr
o

R 1 (¢ G (s)ds
ks (p):X(p)z—iS X - 1)sinn(p—s) (3.4)

. ’ In A (s) ds
X ()= o0 {\ srme =]

¥

The asymptotic expressions"for the quantities are determined by (1.20) in which y is the
real part of the root of the equation sin2pa + psin2z =0 and p = —1 + 7 (2o)"L
This asymptotic shows that the solution of the problem (3.1) can be sought in the form
(3.2) for o << n/4.
The formulation of the problem 3) for the antisymmetric component differs from the
symmetric case only by the boundary conditions
0= ta, w0 =M —irtow/dd-=m_()
The following integral yields its solution
T o ¥ op o 94 (3.5)
w(r, )= 5 \ L (P )T (p) WK™ () ¥, (p) ri-p sin xpj2dp
2]

L_(p,9) =sin(p—1)0/sin(p —1)a—sin(p-+ 1)8sin(p+ 1)a

Here the function V¥ (p) is determined by (3.3) and (3.4), and the function K~ (p) is determin-
ed in (3.2).

The asymptotic of the problem has the form (1.20) in which ¢y 1is the appropriate solution
of the equation (p — 1)7!(sin2pa — psin2a) =0 and p = —1 -+ na™! .,

We note that (3.5) yields the solution of the antisymmetric componentof problem 3} for
o << w/2.

Iy, Let us consider the bending problem for a plate with one edge supported and elastically
resistive to rotation by giving one of the classic boundary conditions

rlow/og = Vy =0, w- M, =0, w=r"10w/08 =0
Myg=V,=0
on the second edge.
The first two variants can be considered as symmetric and antisymmetric components of the
problem 3) for half a plate. Let us examine just the last variant. In the simplest case it
is equivalent to constructing a biharmonic function w (r, 68) satisfying the conditions

0=a, My—143:=0; 0=0, w-=0, krtow/ 0+ Me= m(r)
¢ dw

[m (ry+ 1t (r,())] dr=40

0

edge 8 = 0. We write the solution of this problem in the form of a Mellin integral
W (r.0) = e g Ly (p. 0)a™7T (p) W, (p) = cos 2 dp

25

o

in the domain 0 < r< oo, 0<( 8« . Here m(r) is the moment loading applied to the plate
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L, (p, 9) =cos(p+1)0 —cos(p—1)0+ a;sin(p+1)0 + a,sin(p — 1) 6
a = sin’pa + p~tsin’a — (1 4 x)? (4x)7!
a, = cos 2po. + px~lcos2a — v~ (p — 1) @, = cos 2po —
prtcos 20 4+ %71 (p — 1)71 (p* — %?)
. 1 G (s) ds c
¥ =X 5§ % + |

s--1)sinaw(p—s) sinft(p—1)
Q

__ G, (0
= REY)

o

G (p)= — Go(p) [MPHT (1 4 p)sinmp/2I™%,  Go(p)={ m(ryro-tdr
0

The contour of integration Q is selected exactly as in problem 3), and the function X (p) is
determined in (3.4), where
K (p) = — (sin 2pa — px~1sin 2a) a~! ctg np/2

The asymptotic of problem 4) 1is determined by (1.20), where y and p are, respectively, the
real parts of roots of the equations

® sin® ap + p?sin’e — (1 + x)%4 =0
% sin 2pa — p sin 2a = 0

5, Let us investigate the bending problem of two wedgelike plates occupying the domain

A: (0 r<oo, —BCOLO0) and B: (0 Lr<<oo, 00 < a)which are hinge-supported along the
edges 6 = -~ B and 0 = a andconnected by a bar not operating under torsion. The minus super-
script denotes elastic quantities in the domain A4, while the plus superscript denotes quant-
ities in domain B. The problem under consideration reduces to the construction of two bi-
harmonic functions w~(r, 8) and w* (r, 6) satisfying the following conditions

0= —B,w =My =0;0=a,w*=M"=0 (5.1)

0=0, Dydw/ort=Vyt —Vy +gn, v =wt=w

oo~/ 80 = dw* [ 80, My = My*
in the domains 4 and B. Here w is the beam deflection, and ¢ (r) is the load acting on it.
The solution of the problem (5.1) in the class of functions r— 0, w* =0 (%), e >1 and r— oo,
wt =0 (r®), € > — 0 1is respresentable in the form of a Mellin integral

wi(r,ﬂ)zﬁsRi(p,O)?»'T(p—1)‘¥’+(p)rl‘1’cosnp/2dp (5.2)
4]
Rt (p, 6) =A,cos(p—1) 8- A,cos(p+ 1) 8+
Bt sin(p — 1) 0 -+ Byt sin (p + 1) 0
A, =a, sin(p—1asin(p—1)p, 4,=—a,sin(p+1)ax

sin (p + 1) B
B =a;sin(p—1)acos(p —1)B, By =—a,sin (p+1)ax
cos (p+1) B
BY=—a,cos(p—1)asin(p—1)p, By*=a, cos (p+ 1)a
sin(p + 1) B
a, = (p+ 1) cosec [(@+ P)(p— 1], a = (p—1) cosecl(@+ B)(p -+ 1)
Dy . 1 { G {s) ds
;“':‘4—[);’ ¥(p)= X(p) [TS X (s+—1)sinn(p—s) ]
Q
(S In K (s) ds _ Q)
X(p)=exp {S exp [2ni (p—s)| — 1 } v Gl = DAPI (p -+ 3) sin wp/2

Q
Op)= ( g(ryrridr, K(p)=aa; (p*— D7 (A + Ay) cig np/2
0

The asymptotic of the elastic quantities has the form (1.20), where y = — 1 + n(a + f)!
and p is the real part of the root of the equation
sin 2p (@ + B) — cos 2a sin 2pP — cos 2P sin Zpa +
psin 2 (@ + B) — sin 2a cos 2pp — sin 2P cos 2pa] = 0

Besides the problem 5) considered, a cycle of problems can be mentioned about the bend-
ing of wedgelike plates reinforced by elastic bars whose exact solution is constructed by the
method elucidated. Among this cycle and problems in which the bar having only finite bending
stiffness differs by the contact conditions on the edge 0=0. For 6=0 the first two
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conditions in (5.1) are common and the last can be replaced by any of the following pairs of
conditions: 1) 0w /68 =1t 0w-/80 =0, 2) Mgt = My~ =0, 3) rlow* /30 = My =0 or My" = rigw [ df = 0.

The mentioned method is also used to construct the solution of problems in which there is
a bar having a finite torsional stiffness at the edge 6 =0 instead of the bar having the fin-
ite bending stiffness. For such bars the general conditions are

1w [ 40 = rlow= [ 08, Gerlow /00 = My" — M --m (r)
to which any of the following pairs of conditions must be appended:
H wt=w, V=V ) wt = wm =0
B Vi =Vy =0 4wt =V, =0
or w-= Vg =0. In all these problems, the hinge-support conditions on the edges 6 = —f,80 =«

can be replaced by other classical conditions which are ncot absolutely identical on both edg-
es. Moreover, the materials of the wedges A and B can have different elastic properties up
to anisotropy. Among this cycle of problems are also problems on the bending of a wedgelike
plate one of whose edges is clamped classically while the other is reinforced by an elastic bar
(beam) , where this reinforcement is described by the conditions

Dod*wlort = g (1) — Vg, Mg ==m (1)
This last condition can be replaced by the condition r0w/68 = @ (r).

The authors are grateful to G. Ia. Popov for continued attention to the research.
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